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The shortest-path-percolation (SPP) model aims at describing the consumption and eventual exhaustion of
a network’s resources. Starting from a network containing a macroscopic connected component, random pairs
of nodes are sequentially selected, and if the length of the shortest path connecting the node pairs is smaller
than a tunable budget parameter, then all edges along such a path are removed from the network. As edges
are progressively removed, the network eventually breaks into multiple microscopic components, undergoing
a percolation-like transition. It is known that the SPP transition on Erdős-Rényi networks (ERNs) belongs to
the same universality class as the ordinary bond percolation if the budget parameter is finite; for an unbounded
budget, instead, the SPP transition becomes more abrupt than the ordinary percolation transition. By means of
large-scale numerical simulations and finite-size scaling analysis, here we study the SPP transition on random
scale-free networks (SFNs) characterized by power-law degree distributions. We find, in contrast with ordinary
percolation, that the transition is identical to the one observed on ERNs, denoting independence from the degree
exponent. Still, we distinguish finite- and infinite-budget SPP universality classes. Our findings follow from the
fact that the SPP process drastically homogenizes the heterogeneous structure of SFNs before the SPP transition
takes place.

DOI: 10.1103/pk8t-px35

I. INTRODUCTION

Percolation theory offers comprehensive insights into
networked complex systems by revealing the relationship
between a system’s macroscopic connectedness and its mi-
croscopic structure. Traditionally, percolation theory has been
studied to understand various physical phenomena such as
diffusion processes in porous media, the expansion of forest
fires, and the gelation of molecules, providing a profound un-
derstanding of the fundamental mechanisms underlying these
systems in terms of phase transition and critical phenomena
[1]. Later, percolation theory has been successfully adopted
to characterize the robustness of various complex systems,
represented as complex networks, against deletion or failure
of microscopic elements, either nodes or edges [2,3]. The
key assumption linking percolation theory to the robustness
of complex systems is that global connectivity enables proper
function.

The rule used to remove or add the microscopic ele-
ments of the network defines the specific percolation model.
The ordinary percolation model, which removes microscopic

*Contact author: mk139@iu.edu
†Contact author: f.radicchi@gmail.com

elements uniformly at random, has been extensively stud-
ied [1]. While simple, this model has provided a theoretical
foundation for understanding the organization of complex sys-
tems [4,5]. Other percolation models and processes have been
introduced and studied to consider more complex rules mim-
icking relevant scenarios in various complex systems. These
models include targeted attacks [6], cascading failures on
interdependent networks [7], explosive percolation [8], traffic
percolation [9], triadic percolation [10], and extended-range
percolation [11,12].

Given a specific percolation model at hand, the outcome
can significantly differ depending on the initial structure of
the underlying network. The most well-known example is the
one of ordinary percolation on scale-free networks (SFNs).
On SFNs, in which the degree distribution follows a power
law, i.e., P(k) ∼ k−λ, various anomalous behaviors have been
observed, which are not reported in the case of Erdős-Rényi
networks (ERNs) [13,14].

For example, the so-called “vanishing critical threshold
problem”—where the nonpercolating phase is reached only
after removing every edge—has been observed when λ < 3.
This is related to the divergence of the second moment of
the degree distribution P(k) [5]. Another anomalous behav-
ior is the breaking of the site-bond percolation universality
[15]. Moreover, other studies claim contradictory results in

2470-0045/2026/113(1)/014314(9) 014314-1 ©2026 American Physical Society

https://orcid.org/0000-0003-1574-5761
https://orcid.org/0000-0001-9566-3277
https://orcid.org/0000-0002-3773-3801
https://orcid.org/0000-0003-1606-1257
https://orcid.org/0000-0002-6288-509X
https://orcid.org/0000-0002-2152-3551
https://orcid.org/0000-0002-8352-1287
https://ror.org/02k40bc56
https://ror.org/02be6w209
https://ror.org/05rcgef49
https://ror.org/03r06fs10
https://ror.org/026vcq606
https://ror.org/05f0yaq80
https://ror.org/021018s57
https://ror.org/021018s57
https://ror.org/021018s57
https://crossmark.crossref.org/dialog/?doi=10.1103/pk8t-px35&domain=pdf&date_stamp=2026-01-21
https://doi.org/10.1103/pk8t-px35


MINSUK KIM et al. PHYSICAL REVIEW E 113, 014314 (2026)

the analytical expression of some critical exponents; notably,
the correlation exponent governing finite-size scaling (FSS)
[2,5,15,16], while recently reconciled in [17]. These anoma-
lies are not only present in ordinary percolation models.
For instance, the explosive percolation transition under the
Achlioptas process displays a wide range of different criti-
cal exponents, depending on whether the network’s degree
distribution P(k) follows a Poisson distribution or a power-
law distribution with different values of λ [8,18–22]. These
findings highlight the crucial role of network heterogeneity in
the nature of the percolation transition.

Recently, the shortest-path-percolation (SPP) model,
which is intended to describe the consumption and eventual
depletion of network resources, was introduced and studied
on ERNs [23]. In the model, one agent at a time demands
a path from randomly selected origin and destination nodes;
if the geodesic distance between the demanded pair of nodes
does not exceed the budget C available to the agent, then all
edges along one of the shortest paths connecting origin and
destination nodes are removed from the network; eventually,
the network undergoes a percolation transition characterized
by the disintegration of its macroscopic connected component
into multiple microscopic clusters. C is a tunable parameter
of the SPP model; for C = 1, the SPP reduces to the ordinary
percolation model, however for C > 1 the SPP model differs
from the ordinary model as removed edges are topologically
correlated. On ERNs, it was shown that the critical exponents
of the SPP transition are different from the mean-field percola-
tion exponents only if the parameter C is unbounded [23,24];
mean-field exponents of the ordinary percolation transition are
found instead for the finite-C case [23].

In this paper, we study the SPP transition on SFNs by
means of extensive Monte Carlo simulations and FSS anal-
ysis. For C = 1, we clearly recover known results about the
ordinary percolation model, where the transition on ERNs and
SFNs is characterized by radically different behaviors as long
as λ < 4. For C > 1 however, we find that the SPP critical
exponents on SFNs are identical to those for ERNs; this hap-
pens regardless of the specific value of the degree exponent λ.
We conjecture and confirm that it is because the SPP process
homogenizes the heterogeneous network structure before the
SPP transition happens. Finally, we find that the correlation
exponents vary from those for ERNs, depending on λ and
C, displaying a rich FSS behavior. We validate our numerical
findings by performing data collapse across different system
sizes.

The structure of the paper is as follows. In Sec. II, we
introduce and define the SPP model. In Sec. III, we describe
the methods of our work, including the network model, ob-
servables, and FSS analysis. In Sec. IV, we present results
of the numerical analysis on SFNs with various values of λ.
Finally, a summary of our work and discussion is included in
Sec. V.

II. SHORTEST-PATH-PERCOLATION MODEL

The SPP model was introduced in Ref. [23]. The model
is defined as follows: For t > 0, let Gt = (V, Et ) represent
the undirected and unweighted network available at time t ,
where N = |V| is the number of nodes and Et = |Et | is the

number of edges. At each time t , an agent demands a path
connecting the origin-destination pair ot → dt . If there ex-
ists a path between ot and dt in Gt , we denote with Qt the
shortest-path length. The shortest path connecting ot and dt

can be supplied to the agent only if Qt � C, where C > 0
is a tunable parameter of the model. Here, C can be inter-
preted as a maximum budget to traverse the network. If this
condition is satisfied, we identify the shortest path, namely
(ot = i1, i2, . . . , iQt +1 = dt ), and remove all edges in the path
from Gt , i.e., Et �→ Et \ ⋃Qt

q=1(iq, iq+1). Note that one path is
selected at random if more than one exists. If there is no path
between ot and dt or if Qt > C, no edge is removed from
the network. In either case, we copy the network Gt+1 �→ Gt

and then increase t �→ t + 1. The above-mentioned process is
repeated until there is no more edge left in the network, i.e.,
Et = 0. Assuming that the pair of nodes ot → dt is selected
uniformly at random, the SPP model with C = 1 corresponds
to the ordinary bond-percolation model. In this work, we
focus on the SPP model with finite budget C = 1, 2, 3, and
unbounded budget C � N − 1. For simplicity, we denote the
unbounded budget case as C = N .

III. METHODS

A. Uncorrelated scale-free networks

We apply the SPP model to random SFNs character-
ized by the power-law degree distribution, P(k) ∼ k−λ if k ∈
[kmin, kmax] and P(k) = 0 otherwise, generated according to
the so-called uncorrelated configuration model (UCM) [25].
We set the minimum degree kmin = 4 to ensure that the result-
ing network is composed of a single connected component. To
ensure negligible degree-degree correlations, we impose the
structural cutoff kmax = √

N when 2 < λ < 3 and the natural
cutoff kmax ∼ N1/(λ−1) for λ � 3.

B. Observables

By following the convention in previous percolation stud-
ies, we use the fraction of removed edges, namely r, as
the control parameter [1]. This control parameter allows for
immediate comparisons between the SPP model and other
standard percolation models. We consider two standard ob-
servables in network percolation: the percolation strength P
and the average cluster size S [1]. P serves as the order pa-
rameter of the SPP model and S serves as a response function.
By observing these quantities, we are able to characterize
the cluster structure of a network under the SPP model. P is
defined as the size of the largest connected component of the
network divided by the size of the network, thus

P = sZ∑Z
z=1 sz

, (1)

S is instead defined as

S =
∑Z−1

z=1 s2
z∑Z−1

z=1 sz

, (2)

where s1 � s2 � · · · � sZ−1 � sZ is the size of the Z con-
nected components observed in the network at a certain stage
of the SPP model, i.e.,

∑Z
z=1 sz = N .
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C. Finite-size scaling in the event-based ensemble

In our study, we rely on the so-called event-based ensem-
ble [26–28]. Compared to the conventional ensemble, which
samples the critical observables at the same value of the
control parameter r = rc, the event-based ensemble samples
critical observables at the single-instance pseudocritical point
r = r∗

c (N ) from each individual realization of the percolation
process on a network of size N . The event-based ensemble
is known to provide good estimates of critical exponents,
especially when the percolation process entails substantial
non-self-averaging effects [26–28].

Denote with P(r, N ) and S(r, N ) the values of the observ-
ables of Eqs. (1) and (2), respectively, when exactly a fraction
r of edges is removed from a network of size N during the
SPP process. The single-instance pseudocritical point r∗

c (N )
is defined as

r∗
c (N ) = arg max

r
[P(r, N ) − P(r + 1/E , N )], (3)

where E = E0 is the number of edges of the initial configura-
tion of the network. In other words, we locate the point when
P(r, N ) undergoes the largest drop caused by the removal of
a single edge from the network. By definition, Eq. (3) implies
that the observables are sampled just before the largest drop in
P happens, but observables can be sampled immediately after
the largest drop as well [23].

The single-instance pseudocritical point r∗
c (N ) is a random

variable. Taking its ensemble average, we get an estimate of
the pseudocritical point under the event-based ensemble

rc(N ) = 〈r∗
c (N )〉. (4)

The quantity rc(N ) follows the standard FSS ansatz

rc(N ) = rc + bN−1/ν̄1 , (5)

where rc = rc(∞) is the critical point, 1/ν̄1 is the exponent
related to the correlation length, and b is a constant. The
exponent 1/ν̄1 governs how fast the average rc(N ) converges
to its infinite-size limit rc. However, in some cases, the ran-
dom variable r∗

c (N ) cannot be described in terms of the sole
average: we also need information on the fluctuations

σr∗
c
(N ) =

√
〈r∗

c (N )2〉 − 〈r∗
c (N )〉2 ∼ N−1/ν̄2 , (6)

where ν̄2 is another critical exponent determining how fast the
random variable r∗

c (N ) converges to its average. In general,
1/ν̄1 = 1/ν̄2 for ordinary percolation on various lattice and
network structures [26]. However, it was recently reported that
1/ν̄1 > 1/ν̄2 for explosive percolation, while 1/ν̄1 < 1/ν̄2

for ordinary bond percolation on lattices above the upper-
critical dimension with free-boundary conditions [29] and on
SFNs [30].

The critical observables under the event-based ensemble
can be obtained by taking the ensemble average as follows:

Pc(N ) = 〈P(r∗
c (N ), N )〉, (7)

and

Sc(N ) = 〈S(r∗
c (N ), N )〉. (8)

They follow the FSS scaling

Pc(N ) ∼ N−β/ν̄ , (9)

and

Sc(N ) ∼ Nγ /ν̄ , (10)

where β/ν̄ and γ /ν̄ are ratios of the critical exponents. Note
that we have not specified whether the exponent appearing
here is either ν̄1 or ν̄2. The scaling of the quantities Pc(N )
and Sc(N ) with the system size N depends on which exponent
between ν̄1 and ν̄2 is the largest. If 1/ν̄1 > 1/ν̄2, the fluctua-
tions of the average around its infinite-size limit vanish much
faster than the fluctuations of the random variable around the
average, hence ν̄ = ν̄2. If instead 1/ν̄1 < 1/ν̄2, the random
variable r∗

c (N ) quickly concentrates around its average rc(N ),
while the average converges more slowly to the infinite-size
value rc; in this case ν̄ = ν̄1.

To estimate numerically β/ν̄, we perform a log-log trans-
formation of the scaling relation in Eq. (9). Specifically, by
plotting ln Pc(N ) versus ln N , we expect a linear relationship
of the form

ln Pc(N ) = −β

ν̄
ln N + constant, (11)

from which the slope yields an estimate of −β/ν̄. Similarly,
γ /ν̄ can be obtained by plotting ln Sc(N ) against ln N ; the
slope corresponds to γ /ν̄. In both cases, the ratios of the
critical exponents are estimated via least-squares fitting of the
log-transformed data.

While the numerical estimate of 1/ν̄2 is readily obtained
from Eq. (6), the estimation of the critical point rc and of the
exponent 1/ν̄1 is a bit more elaborate. From the FSS ansatz in
Eq. (5), the deviation of the pseudocritical point rc(N ) from
the true critical point scales as |rc(N ) − rc| ∼ N−1/ν̄1 . Taking
the logarithm, this yields a linear relationship:

ln |rc(N ) − rc| = − 1

ν̄1
ln N + constant. (12)

Based on this relation, we proceed as follows: given a tentative
value r̂c, we compute the Pearson correlation coefficient ρ

between ln |r̂c − rc(N )| and ln N over all available system
sizes. We perform a grid search over a range of r̂c values
and, for each, record the corresponding ρ. Since the slope is
expected to be negative, we identify the optimal estimate of
rc as the value of r̂c that yields ρ closest to −1. Once rc is
determined, we estimate −1/ν̄1 as the slope of the best-fit line
through the point (ln N, ln |rc(N ) − rc|).

IV. RESULTS

A. Estimation of β/ν̄ and γ/ν̄

First, we estimate the critical exponent ratios β/ν̄ and
γ /ν̄, which are respectively related to the relative size of the
largest cluster P and the average cluster size S at criticality. In
Figs. 1(a)–1(d), we plot Pc(N ) as a function of N for different
values of λ and C. When C = 1, the SPP model is identical
to the ordinary bond percolation and we get β/ν̄ = 0.54(1)
and β/ν̄ = 0.50(1) for λ = 2.1 and λ = 2.7, respectively. We
can also obtain β/ν̄ = 0.40(1) and β/ν̄ = 0.35(1) for λ = 3.5
and λ = 4.5, respectively. These values nicely align with the
theoretical prediction in [5], which are λ-dependent. Surpris-
ingly, regardless of the value of λ, we find that the estimated
values are β/ν̄ ≈ 0.33 when C = 2 and C = 3, which is
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FIG. 1. Estimation of β/ν̄ and γ /ν̄. We plot Pc(N ) as a function of N for SFNs with (a) λ = 2.1, (b) λ = 2.7, (c) λ = 3.5, and (d) λ = 4.5.
The slope of the straight lines on the log-log plot corresponds to the best estimate of the ratio −β/ν̄. Similarly, we plot Sc(N ) as a function of
N for SFNs with (e) λ = 2.1, (f) λ = 2.7, (g) λ = 3.5, and (h) λ = 4.5. The slope of the straight lines on the log-log plot corresponds to the
best estimate of the ratio γ /ν̄. Different symbols display results of the SPP model with C = 1 (square), C = 2 (circle), C = 3 (triangle), and
C = N (diamond). Different line styles are used to display the best power-law fitting of the SPP model with C = 1 (solid), C = 2 (dashed),
C = 3 (dotted), and C = N (dashed-dotted). Symbols are the average values, and error bars are the standard deviations. We report the number
of realizations in Table S1 of Ref. [31].

compatible with the mean-field value β/ν̄ = 1/3. Moreover,
we find that for the infinite-C SPP transition β/ν̄ ≈ 0.22, re-
gardless of the value of λ. This value was reported in previous
studies on ERNs [23]. It is also compatible with the analytical
prediction β/ν̄ = 0.2 by Meng et al. [24].

Similar results are found for γ /ν̄ as well [see Figs. 1(e)–
1(h)]. In other words, our estimation reads γ /ν̄ ≈ 0.33 for
C = 2 and C = 3, and γ /ν̄ ≈ 0.55 for infinite C, regardless
of λ. When C = 1 and λ < 3, Sc(N ) does not diverge as
N → ∞ due to the lack of the subcritical phase, thus dis-
playing a decreasing behavior [see Figs. 1(e) and 1(f)]. When
λ = 3.5, we could obtain γ /ν̄ = 0.16(1), and when λ = 4.5,
we could get γ /ν̄ = 0.26(1). FSS theory predicts γ /ν̄ = 1/5
when λ = 3.5 and γ /ν̄ = 1/3 when λ = 4.5, respectively, but
these discrepancies might originate from finite-size effects
and sample-to-sample fluctuations from different network re-
alizations. Note that the hyperscaling relation 2β/ν̄ + γ /ν̄ =
1 roughly holds for the estimated exponents across different λ

and C. We report the details in Table I.
To verify our estimation, in Fig. 2, we show the data-

collapse plots of the probability density function of rescaled
critical observables using the estimated critical exponents β/ν̄

and γ /ν̄ for SFNs with λ = 2.7 and various values of C.
We could obtain a satisfactory data collapse across different
system sizes, which implies that our estimations of β/ν̄ and
γ /ν̄ are fair. We could obtain clear data-collapse plots for
different values of λ as well (see Figs. S1–S3 of Ref. [31]).

B. Shortest-path-percolation process homogenizes
the network drastically

From the findings in Sec. IV A, we conjecture and argue
that the SPP model with C > 1 drastically homogenizes the
heterogeneous network structure before the SPP transition

FIG. 2. Data collapse of probability density functions. We plot
the probability density function of the rescaled critical observables
(a) Pc(N )Nβ/ν̄ and (b) Sc(N )N−γ /ν̄ for the SPP model with C = 2
on SFNs with λ = 2.7. We also plot similar results for (c) and (d)
C = 3, and (e) and (f) C = N . We use the best estimates of the critical
exponent ratios β/ν̄ and γ /ν̄ reported in Table I. Note that we use 30
bins to plot the data.
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TABLE I. Critical points and exponents. Reported estimates are
valid for the shortest-path-percolation model with maximum budget
C on scale-free networks with degree exponent λ.

λ C β/ν̄ γ /ν̄ rc 1/ν̄1 1/ν̄2

2.1 1 0.54(1) −0.05(1) 1.000(1) 0.39(1) 0.54(1)
2 0.32(1) 0.31(1) 0.953(1) 0.26(1) 0.44(1)
3 0.30(1) 0.33(1) 0.948(1) 0.25(1) 0.44(1)
∞ 0.23(1) 0.50(1) 0.957(1) 0.21(1) 0.48(1)

2.7 1 0.51(1) −0.02(1) 0.990(1) 0.27(1) 0.33(1)
2 0.31(1) 0.33(1) 0.862(1) 0.40(1) 0.37(1)
3 0.30(1) 0.35(1) 0.853(1) 0.37(1) 0.37(1)
∞ 0.21(1) 0.54(1) 0.843(1) 0.49(1) 0.48(1)

3.5 1 0.40(1) 0.16(1) 0.890(1) 0.29(1) 0.28(1)
2 0.30(1) 0.33(1) 0.791(1) 0.48(1) 0.36(1)
3 0.30(1) 0.35(1) 0.780(1) 0.48(1) 0.35(1)
∞ 0.21(1) 0.54(1) 0.774(1) 0.51(1) 0.51(1)

4.5 1 0.35(1) 0.26(1) 0.797(1) 0.37(1) 0.31(1)
2 0.31(1) 0.34(1) 0.747(1) 0.48(1) 0.35(1)
3 0.30(1) 0.35(1) 0.737(1) 0.46(1) 0.36(1)
∞ 0.22(1) 0.53(1) 0.736(1) 0.57(1) 0.52(1)

takes place. Betweenness centrality (BC), which quantifies
how often a node appears on the shortest paths between other
nodes, offers a useful lens to understand this homogenization
[32,33]. For SFNs, it has been well established that there is
a power-law relation between the degree k and the BC g of a
node, i.e.,

g ∼ k
λ−1
η−1 , (13)

where λ is the degree exponent and η is the exponent related
to the distribution of g, P(g) ∼ g−η, and (λ − 1)/(η − 1) > 0
[34,35]. This relation implies that hubs mainly contribute to
the formation of shortest paths in the network. As a result, they
have a high chance of decreasing the number of their edges
in the SPP process, as removed edges are selected based on
the fact that they belong to the shortest path connecting two
randomly chosen nodes.

One of the strongest indicators of the network’s hetero-
geneity or scale-freeness is the scaling of the maximum
degree. Thus, to validate our argument, we compare the maxi-
mum degree of the initial network, kmax(N ) = kmax(N, r = 0)
and the maximum degree of the network at some point r =
r† before the percolation transition takes place, k†

max(N ) =
kmax(N, r = r†). Similar to Eq. (5), we assume〈

k†
max(N )

kmax(N )

〉
≡ φ(N ) = φo + aN−δ, (14)

where 〈·〉 denotes the ensemble average across different real-
izations, φo is the asymptotic limit of the ratio, δ is the scaling
exponent, and a is a constant. Equation (14) implies that if
a network still holds its scale-freeness at r = r†, we expect
k†

max will scale with the size of the network N in the same way
as kmax does. In this case, we expect that φo is nonzero. On
the other hand, we expect to obtain φo = 0 if the SPP process
drastically homogenizes the network.

We sample the observables at r = r† using two methods:
we collect the observables (i) at a fixed value of r† = q for
each realization or (ii) at r† = qr∗

c (N ) for each realization,

FIG. 3. Scaling of the kmax ratios. Plot of φ1(N ) as a function of
N for different values of C. Results are valid for SFNs with λ = 2.1
using (a) q = 0.7, (c) q = 0.8, and (e) q = 0.9. We also plot φ2(N )
as a function of N for different values of C using (b) q = 0.7, (d)
q = 0.8, and (f) q = 0.9. Plateau values and exponents are reported
in Table II. Symbols are the average values, and error bars are the
standard deviations. We report the number of realizations used for
the scaling analysis in Table S2 of Ref. [31].

where q ∈ [0, 1]. Here, q is a tunable parameter to decide on
how far from the transition point we would like to sample the
observables. We choose q = 0.7, 0.8, and 0.9 to ensure that
we are sampling the observables at the supercritical regime.
For convenience, we add a subscript to differentiate the quan-
tities in Eq. (14) using different ensembles of observables,
e.g., φ1(N ) and φ2(N ).

We test our hypothesis on SFNs with λ = 2.1, which is
the most heterogeneous network considered in our study. In
Fig. 3(a), we use q = 0.7 to plot φ1(N ) as a function of
N for different values of C. We could obtain a very clear
power-law decay across different values of q and C, while
consistently observing nonzero values of φo when C = 1. The
same explanation holds for results valid for φ2 as well. When
we increase the value of q, for C = 1, we find that φo,1 and
φo,2 decrease since the observables are sampled closer to the
transition point and the network becomes sparser. Also, the
exponents δ1 and δ2 increase when we increase q, regardless
of C. These findings support that the SPP process with C > 1
can drastically homogenize the heterogeneous structures in
SFNs before the percolation transition happens. Detailed es-
timations of φo,1, φo,2, δ1, and δ2 can be found in Table II. In
addition, we perform a complementary analysis and present
further evidence showing that the SPP process effectively
homogenizes SFNs (see Appendix for details).
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TABLE II. Scaling of the kmax ratios. We report the estimated
variables φo,1, φo,2, δ1, and δ2 using Eq. (14).

q C φo,1 δ1 φo,2 δ2

0.7 1 0.301(1) 0.217(2) 0.305(1) 0.273(1)
2 0.000(1) 0.270(4) 0.000(1) 0.275(3)
3 0.011(1) 0.260(1) 0.019(1) 0.273(1)
N 0.026(1) 0.252(1) 0.032(1) 0.253(1)

0.8 1 0.201(1) 0.228(2) 0.206(1) 0.293(2)
2 0.000(1) 0.309(4) 0.000(1) 0.320(3)
3 0.002(1) 0.288(1) 0.008(1) 0.309(1)
N 0.009(1) 0.278(1) 0.015(1) 0.286(1)

0.9 1 0.103(1) 0.247(2) 0.106(1) 0.321(1)
2 0.000(1) 0.348(3) 0.000(1) 0.371(2)
3 0.000(1) 0.332(1) 0.001(1) 0.346(1)
N 0.000(1) 0.298(1) 0.006(1) 0.338(1)

C. Estimation of 1/ν̄1 and 1/ν̄2

So far, our findings reveal that the ratios of critical expo-
nents β/ν̄ and γ /ν̄, related to the structure of the network at
criticality, depend on whether C is finite or infinite, regardless
of the degree exponent λ. However, we find that the critical
exponents 1/ν̄1 and 1/ν̄2, related to the convergence and fluc-
tuation of pseudocritical points, vary depending on λ and C
(see Sec. III C for details).

First, we report the case when 1/ν̄ = 1/ν̄1 = 1/ν̄2. This
is the most common case that has been reported for or-
dinary percolation on ERNs, random-regular graphs, and
low-dimensional lattices with periodic boundary conditions
[26,28]. On SFNs with λ = 2.7, we get 1/ν̄ ≈ 0.37 for finite
C and 1/ν̄ ≈ 0.5 for infinite C, respectively. In Fig. 4(b), we

FIG. 4. Estimation of 1/ν̄. We plot |rc − rc(N )| (square symbol)
and σr∗

c
(circle symbol) as functions of N . The slope in the double-

log scale corresponds to 1/ν̄1 (solid line) and 1/ν̄2 (dashed line),
respectively. Results are valid for SPP with C = 2 on SFNs with
(a) λ = 2.1, (b) λ = 2.7, (c) λ = 3.5, and (d) λ = 4.5. Symbols are
the average values, and error bars are the standard deviations. Note
that error bars for σr∗

c
do not exist so they are omitted in the figure.

Estimated critical exponents are reported in Table I.

plot |rc − rc(N )| and σr∗
c

as functions of N , respectively, where
results are valid for SFNs with λ = 2.7 and SPP with C = 2
as an example.

Second, when λ > 3, we find that 1/ν̄1 > 1/ν̄2 for fi-
nite C > 1, where we get 1/ν̄1 ≈ 0.5 and 1/ν̄2 ≈ 0.35 [See
Figs. 4 (c) and 4(d) for results for C = 2]. Such a relation
between 1/ν̄1 and 1/ν̄2 implies that the convergence of rc(N )
toward rc is faster than the fluctuation of rc(N ) decreasing
as N increases. The explosive percolation is a typical case
where this type of discrepancy has been reported [26–28].
For infinite C, rc(N ) initially increases with N , but quickly
saturates and forms a plateau, remaining nearly constant over
a wide range of N (see Fig. S4 of Ref. [31]). Due to this
plateau, the quality of the least-squares fitting of Eqs. (5)
and (12) is compromised. Still, we find that the values of the
plateau are within the error bounds of the estimated rc. Two
possible scenarios explain this: One possible explanation is
that the size of the network considered is not large enough,
and the plateau manifests finite-size effects. Another case
is when the system size is already large enough; thus, the
plateau value represents the true critical point at the infinite-N
limit. We confirm that our observation corresponds to the
latter, which is supported by a clear data collapse using the
obtained rc.

Finally, on SFNs with λ = 2.1, we find that 1/ν̄1 < 1/ν̄2

both for infinite and finite C. For finite C, we get 1/ν̄1 ≈ 0.25
and 1/ν̄2 ≈ 0.44 while for infinite C, 1/ν̄1 ≈ 0.21 and 1/ν̄2 ≈
0.48 [see Fig. 4(a) for results for C = 2]. This is the case
reported for bond percolation on high-dimensional lattices
above the upper-critical dimension with free-boundary condi-
tion [29]. Here, 1/ν̄1 < 1/ν̄2 implies that the single-instance
pseudocritical points r∗

c (N ) fluctuate within a narrow window,
while the pseudocritical point rc(N ) is far away from rc at the
infinite-N limit. Results for other values of C can be found in
Figs. S5–S7 of Ref. [31].

D. Data collapse of observables

According to the FSS theory, once we estimate the critical
quantities in a fair manner, we can collapse the data across
different system sizes by rescaling the data using these critical
quantities. To verify our FSS analysis, we display the data-
collapse plots in Fig. 5 for SFNs with λ = 2.7 and kmin = 4,
considering the event-based ensemble. By using the estimated
critical exponents, we could fairly collapse the data across
different orders of magnitude of network size N for the SPP
model with different values of C. We could also obtain a clear
data collapse considering the conventional ensemble, which
supports that our estimation of rc is fair, see Figs. S22–S24
of Ref. [31]. Moreover, the critical exponents imply the same
universality class as of ordinary percolation on ERNs, i.e.,
β/ν̄ = γ /ν̄ = 1/ν̄ = 1/3.

For SFNs with λ = 3.5 and λ = 4.5, for the SPP model
with C > 1, we find that using 1/ν̄2 instead of 1/ν̄1 gives
better data collapse, regardless of considering the event-based
ensemble (see Figs. S12, S13, S14, S16, S17, and S18 of
Ref. [31]) and the conventional ensemble (see Figs. S26,
S27, S28, S30, S31, and S32 of Ref. [31]). Especially for
finite C, 1/ν̄2 ≈ 1/3 suggests the same universality class of
ordinary percolation on ERNs. Note that for infinite C, we
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FIG. 5. Data collapse of P and S. We plot the rescaled observ-
able PNβ/ν̄ as a function of [r − rc(N )]N1/ν̄ for different values
of network size N . Results are valid for SFNs with λ = 2.7 and
kmin = 4 and SPP model with (a) C = 2, (c) C = 3, and (e) C = N .
Similarly, we plot the rescaled observable SN−γ /ν̄ as a function of
[r − rc(N )]N1/ν̄ for (b) C = 2, (d) C = 3, and (f) C = N . Note that
for SFNs with λ = 2.7, we omit the subscript in ν̄2 and used 1/ν̄

since 1/ν̄1 ≈ 1/ν̄2. The critical exponent ratios used in the figure are
reported in Table I. The range of abscissa is adjusted to display 200
bins of the curve for N = 220. We report the number of bins used for
each network size in Table S3 of Ref. [31] for clarity.

could achieve a fair data collapse by using rc, where the
plateau values are within the error bounds (see Figs. S28 and
S32 of Ref. [31]). This suggests that the plateau values have
already converged close enough to the true critical point rc.
For the case of C = 1, which corresponds to the ordinary
bond percolation, where 1/ν̄1 ≈ 1/ν̄2, we could obtain a fair
data collapse under the event-based ensemble as well as the
conventional ensemble, see Figs. S11, S15, S25, and S29 of
Ref. [31].

For SFNs with λ = 2.1, we could obtain a fair data collapse
under the event-based ensemble when using 1/ν̄2 for finite C
(see Figs. S8 and S9 of Ref. [31]). For infinite C, the quality
of data collapse is compromised (see Fig. S10 of Ref. [31]),
but still the data collapse is decent in a narrow range. Under
the conventional ensemble, however, we could not obtain a
proper data collapse, using both 1/ν̄1 and 1/ν̄2. In addition,
the location where the abscissa value corresponds to zero
severely deviates from the peak position of SN−γ /ν̄ , which
corresponds to the pseudocritical points (see Figs. S19–S21
of Ref. [31]). As suggested from the relation 1/ν̄1 < 1/ν̄2, we
suppose that the pseudocritical points are still far from the true
critical point and a proper FSS behavior is not expected in this
regime [29].

V. SUMMARY AND DISCUSSION

In this work, we systematically investigated the phase tran-
sition of SPP on SFNs, considering various degree exponents
λ and maximum budget C. By means of extensive Monte
Carlo simulations and FSS analysis, we observed rich be-
haviors in the SPP transition on SFNs. For C = 1, which
corresponds to the ordinary bond percolation, we obtained
results consistent with previous studies [5,17]. In particular,
for λ � 3, the percolation phase transition occurs when all
edges are removed from the network; also, for λ � 4, the
critical exponents depend on λ. These anomalous, network-
dependent properties are washed out by the SPP process. As
long as C > 1, the transition occurs when a critical fraction
rc < 1 of the network edges are removed. For finite C values,
we find that the critical exponents describing the structure
of the network at criticality are identical to the mean-field
exponents on ERNs, i.e., β/ν̄ = γ /ν̄ = 1/3, regardless of the
value of λ. For the infinite-C case, we obtain the critical ex-
ponents β/ν̄ ≈ 0.2 and γ /ν̄ ≈ 0.6, which have been observed
on ERNs [23,24], regardless of the value of λ. These findings
lead to the hypothesis that the SPP with C > 1 drastically
homogenizes the heterogeneous structure of SFNs before the
SPP transition takes place. We confirmed this hypothesis by
analyzing the scaling of the ratio of the initial maximum
degree and that before the percolating regime.

The critical exponents 1/ν̄1 and 1/ν̄2, related to the con-
vergence and fluctuation of the pseudocritical points, vary
depending on λ and C. To be specific, for finite C > 1, we find
that the relation between 1/ν̄1 and 1/ν̄2 has a dependency on
λ. When λ = 2.1, we observe 1/ν̄1 < 1/ν̄2, which has been
reported in the case of bond percolation on lattice structure
above the upper critical dimension with free boundary con-
dition [29]. However, for λ = 2.7, we observe 1/ν̄1 ≈ 1/ν̄2,
in which most of the ordinary percolation belongs to. Fi-
nally, we observe 1/ν̄1 > 1/ν̄2 for SFNs with λ = 3.5 and
λ = 4.5, which is the case of the explosive percolation. Un-
fortunately, there are only a few studies which report and
explain these two exponents [23,26,27,29]; thus, further in-
vestigations on various network structures are needed to better
understand such a discrepancy. A recent study also reports
rich and nontrivial estimation of these exponents on SFNs
depending on the level of the degree cutoff and the degree
heterogeneity [30].

Our numerical findings reveal that the SPP process ho-
mogenizes the heterogeneous network structure before the
percolation transition takes place. However, an analytical
description of our numerical findings is still missing. One
of the biggest obstacles in formalizing an analytical frame-
work is the topological correlation between edges forming the
shortest paths. Unfortunately, typical frameworks such as the
one based on generating functions [4,36] and the one based
on message passing [37] assume independence of edges.
This limitation also prevents us from fully understanding the
boundary of finite and infinite C. Possibly, some crossover be-
havior could occur as C increases beyond some N-dependent
threshold, which separates the finite-C and infinite-C regimes.
In our previous work [23], we numerically verified that the
cases C = N1/3 and C = ln N belong to the infinite-C univer-
sality class. In the future, it would be a promising direction
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to develop an analytical framework considering “path-based”
and “long-range” connectivity in percolation.

Finally, we would like to highlight the broad applicability
of the SPP framework to various complex systems represented
as supply-and-demand networks. These networks include, but
are not limited to, transportation networks, communication
networks, and supply chain networks, which incorporate re-
source consumption and depletion. For instance, the SPP
has been extended to the minimum-cost percolation and
applied to understand the consumption and exhaustion of re-
sources in the U.S. air transportation system while serving
the demands [38]. In addition, a similar model to the SPP
model has been introduced to study quantum communication
networks [24]. Since various supply-and-demand network
systems are characterized by “scale-free” structure with the
existence of hubs, we believe the rich and complex behavior
observed in this work can be found in these real-world systems
as well.
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APPENDIX: COMPLEMENTARY ANALYSIS
FOR SEC. IV B

To provide additional evidence that the SPP process ef-
fectively homogenizes the heterogeneous network structure
before the percolation transition takes place, we perform the
following analysis. Consider the following quantity:

ρ(N, r) = 〈k2〉
〈k〉2

, (A1)

where N is the size of the network, 〈k〉 is the average degree
after removing a fraction r of the edges, and 〈k2〉 is the average
of the squared degrees under the same removal. Note that
we omitted the r-dependence of k to avoid overcrowding the
equation. ρ(N, r) effectively captures the degree heterogene-
ity of the network.

Now, we compare ρ(N, r) of the initial network, ρo(N ) =
ρ(N, r = 0), with the value obtained after removing a fraction

FIG. 6. Scaling of the ρ ratios. Plot of �1(N ) as a function of
N for different values of C. Results are valid for SFNs with λ = 2.1
using (a) q = 0.7, (c) q = 0.8, and (e) q = 0.9. We also plot �2(N )
as a function of N for different values of C using (b) q = 0.7, (d)
q = 0.8, and (f) q = 0.9. Plateau values and exponents are reported
in Table S4 of Ref. [31]. Symbols are the average values, and error
bars are the standard deviations. For the scaling analysis, we use
50 realizations for each data point. We also drop the data point
corresponding to the smallest network size when performing the
scaling analysis.

r = r† of edges before the percolation transition takes place,
ρ†(N ) = ρ(N, r = r†). Then, we define the quantity �(N )
and assume the functional form as follows:

〈
ρ†(N )

ρo(N )

〉
≡ �(N ) = �o + aN−ξ , (A2)

similar to Eq. (14). To properly complement the analysis, we
choose r = r† (i) at a fixed value of r† = q or (ii) r† = qr∗

c (N )
for each realization, using q = 0.7, 0.8, and 0.9. We also
add a subscript to distinguish the quantities in Eq. (A2), i.e.,
�1(N ) and �2(N ). Note that nodes with zero degree are
excluded from this computation.

We perform the analysis on SFNs with λ = 2.1. In Fig. 6,
we plot �(N ) as a function of N for different values of q and
C. We also report the estimated variables �o,1, �o,2, ξ1, and ξ2

in Table S4 of Ref. [31]. These results clearly complement the
analysis in Fig. 6, indicating that the SPP process with C > 1
effectively homogenizes the heterogeneous structure of SFNs.
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